







































































Math2010 Week6 Examples of C function

Polynomials Rationalfunctions
Defn let REIR beopen f r R

Exponential Logarithm Trigonometricfunctions

let rzo f is called a Cr function it andtheirsum difference productquotient compositions
allpartialderivativesof f uptoorder r

eg exofsin
exist and are continuous on C Y

f is called a function if it is Cr Generalization of Clairaut'sthin

foranyR2O H f is Cr on an openset REIR
thenthe orderofdifferentiationdoesnotmatter

eg f is 0 if it is continuous for all partialderivatives upto order r

fixy is 0 if eg If fix y z is C then
f fer fy fxx.fxy.fyx.fiy f z fz f yz fyzx fzyx
exist and are continuous f y f y fyxx










































































Differentiability
LinearApproximationfor fix

1 variablecaserevisited
Suppose f IR R is differentiableat a Then

f X Lex f I a t f a x a
f IR 7113 is differentiable at a it Lex is thebest linearfunction degetpolynomial
f a dim fl exists to approximate fix near a

a X a
y fix

Multivariablecase f t IR.aeR y Lix
Samedefinition EI

a
dim f F fia IR
I I I a IR Tangentat a Best lineto approximate

y y Lex thegraph g fix near aDoesn'tmakesenseto divideby avector
Rink In linearalgebra linearfunctionImapmeansNeedanotherwayto definedifferentiability L g L tugs and LICE CUI

How Intermsof linearapproximation In particular LionO The Ux definedabove
and error maynotbelinear in this sense










































































Error of approximation Inhigherdimgraphof fix shouldbeapproximatedby
E X fix Lex higherdimlinearobjects legTangentplaneof zfcx.gs

fix fla f a x a
eg Suppose f T YR.fxla.by fylab existNote ax

ECX fix fca fya Trytoapproximatefury near a b
X a X a LK.gs

flXiyI2flabjtfxla.b lX a tfylaib ly b
ma
EK

ma
Ha flagX a X a valueatla.by slope in 4X slope in Ky

xdirection y directionf'Ca f la 0

Equivalently

dim Ek O
o.labift9bDz Llx.y

aix a p
Error is smallcompared to I I

z f IXy










































































Defn Let CE IR beopen a la az a an C r Rmk

fir IR is saidtobe differentiableat a if LLxT flat t.FI ilaTlXi ai
Allpartialderivatives 3 a I existfor it 2 in slopeof fin 4Xi

x directionat aIn thelinearapproximationfor this at a
Note

f II flat t EEftpla ki ai t El'T
Lee is a degel polynomial

LIII Linearapproximation error Lia f a
of fix at a

the error term ECE satisfies ta ftp la

Lim ECT
F a HI aIt O

y LIII is a n planetangent to

y f III at I a
A differentiablefunction is one which can be
well approximated by a linearfunctionlocally










































































egl fixg X'y him EIX.ly
Showthat f is differentiable at ii z Y 2 Alkyl 11,211

Approximate f11.1 19 usinglinearization him X y 2 41 1 ly21 let x teh
Hy7142 fix aptly25 y 2 KFindtangentplaneof E fwy at 2

p2
dim ith 12TH 2 4h Kf11,27 2 Chik710,0Sol zxy y

x th't k
11,4 4 It II 2 I him h t2hk 2h let h rcos

ay Chik440 th't k k rsino
Thelinearization at 11,2 is dim Pcos shot 2rzcosos.no2r4o5Orso rLKcyt fll.at 2 H

y T
him rzcoszos.netzreososin01 205021 41 1 ly 2 r o

with error term 0 by Sandwichtheorem
ECX.yj fcx.gl Ll x y

x y 2 4k y Cy 2
it is differentiable at 11,2










































































f II 1 19 a Lll 1 1.9 Sol 3 o.o fijgflhiothflo.co thing010 0
2 1411.1 1 111.9 2

Similarly yw07 021 0.4 1 l O l

2.3 Lexg f o.o 10,0 X O 1 yloo y o

compare fl i l 1.91 2.299 Ot Ot 0

Lary O is the zerofunction

Tangent at 1112,2 is
ecx.gg fix y Lucy YIError

2 LIX y
2 14K ist ly 2 afftho.nlafifIYooyl x.lyiIiio.os fIHysZ4t4x y fig llrtosos.net

r

eg2 Is thy Ilxyl Limo fcosos.no DIVE
differentiable at 10,0 differentvalues

i f is notdifferentiable at co.io at 0 0














Rmk In lastexample fixity Kyl Lucy 0

Along the line y mX fix.mx 11mx4 11m11XI
2 I E fix x

Along x axis Cm o r i

f IX 01 0 4 x o Goodapproximation ft I E LarryI 1
Along y X m l l

I
xf x x _HI LH X 0 Badapproximation l E tho

1

In general our LII is definedusing 3 f n Derivatives on coordinatedirections

Differentiability Informationon coordinatedirections IIT A strongcondition
can tell information on everydirection



Thm If fix is differentiable at a

then f III is continuous at a

Pf fix LII t ECT dim
T a fix

Linearization off at a

f is differentiable at a Fina Ll Il t finna EII

lim E't o fifa tca t.EEftp.lallxi ai to
Iia IIF TH

i him f a polynomial continuous

I a ECF

Fifa y Fifa Ht aIl
t is continuous at a

O O O


